We study the fractional Laplacian and the homogeneous Sobolev spaces on R d , by considering two definitions that are both considered classical. We compare these different definitions, and show how they are related by providing an explicit correspondence between these two spaces, and show that they admit the same representation. Along the way we also prove some properties of the fractional Laplacian.
Introduction and statement of the main results
The goal of this paper is to clarify a point that in our opinion has been overlooked in the literature. Classically, the homogeneous Sobolev spaces and the fractional Laplacian are defined in two different ways. In one case, we consider the Laplacian ∆ as densely defined, self-adjoint and positive on L 2 pR d q, and following Komatsu [Kom66] it is possible to define the fractional powers ∆ s{2 by means of the spectral theorem, s ą 0. Denoting by S the space of Schwartz functions, one observes that for p P p1, 8q, }∆ s{2 ϕ} L p pR n q is a norm on S. The homogeneous Sobolev space is the space 9 W s,p defined as the closure of S in such a norm. The second definition is modelled on the classical Littlewood-Paley decomposition of function spaces (see details below) and gives rise to an operator, that we will denote by 9 ∆ s{2 , acting on spaces of tempered distributions modulo polynomials.
Below, we describe the latter approach and show how these two definitions are related to each other, by showing that they admit the same, explicit realization. We mention that the analysis involved by the fractional Laplacian ∆ s has drawn great interest in the latest years, beginning with the groundbreaking papers [CS07, DNPV12] , see also the recent papers [BS19, Bou11, Kwa17] . We also mention that we were led to consider this problem while working on spaces of entire functions of exponential type whose fractional Laplacian is L p on the real line, [MPS19] .
Let S denote the space of Schwartz functions, S 1 denote the space of tempered distributions. We denote by N 0 the set of nonnegative integers and by P k be the set of all polynomials of d-real variables of degree ď k, with k P N 0 . We also set P 8 " Ť`8 k"0 P k , the collection of all polynomials. We also write N " N 0 Ť t`8u.
For k P N, we consider the equivalence relations in S 1 f " k g ðñ f´g P P k and we denote by S 1 {P k the space of tempered distribution modulo polynomials in P k , that is, the space of the equivalence classes with respect the equivalence relation " k . If u P S 1 we denote by rus k its equivalent class in S 1 {P k . For k P N 0 , we denote by S k the space of all Schwartz functions ϕ such that ż x γ ϕpxq dx " 0 for any multi-index γ P N d with |γ| ď k and set S 8 " Ş`8 k"0 S k . Each space S k , k P N is a subspace of S that inherits the same topology of S. Moreover, it is easy to see that
For p P r1, 8s we denote by L p pR d q (or, simply by L p ) the standard Lebesgue space on R d and we write }f } p L p " ż |f pxq| p dx , if p ă 8, and }f } L 8 " ess sup xPR d |f pxq|. If f P L 1 pR d q we define the Fourier transform
The Fourier transform induces a surjective isomorphism F : S Ñ S and then it extends to a unitary operator F : L 2 Ñ L 2 and to a surjective isomorphism F : S 1 Ñ S 1 . For u P S 1 , we shall also write q u to denote F´1u. It is important here to observe that if ϕ P S 8 , then for all τ P R, Fp|¨| τ q ϕq P S 8 as well, see e.g. [Tri10, Gra14b] .
1.1. The fractional Laplacian 9 ∆ s{2 and the homogeneous Sobolev spaces 9 L p s . We now recall the perhaps most standard definition of the fractional powers of the Laplacian and of the homogeneous Sobolev spaces. This material is classical and well known, see e.g. [Tri10, Gra14b] .
We now have the following definition. 
where, with an abuse of notation, 1 we denote by x¨,¨y also the pairing of duality between S 8 and S 1 {P 8 . We remark that, clearly, the terms of both sides of (1) are independent of the choice of the representative in rus. The fact that (1) defines a well-defined distribution follows at once from Lemma 1.2. 1 We warn the reader that, we shall denote with the same symbol x¨,¨y different pairings of duality, such as S and S 1 , S8 and S 1 {P8, L p and L p 1 , etc. The actual pairing of duality should be clear from the context and there should not be any confusion.
Then, we extend the definition of 9 ∆ s{2 to pS 8 q 1 " S 1 {P 8 .
Definition 1.3. We define the operator
and we call it the fractional Laplacian (of order s) of rus.
Since the term on the right hand side is independent of the choice of the representative in rus, we may simply write r 9 ∆ s{2 us in place of r 9 ∆ s{2 russ.
Remark 1.4. We stress the fact that the terminology "homogeneous Laplacian" is non-standard, and that such operator is typically simply called fractional Laplacian. However, one of the main goals of the present paper is to consider the two standard different definitions of the fractional Laplacian and of the corresponding homogeneous Sobolev spaces and to study how they are related to each other. Thus, we need to distinguish them, and we do so by introducing such terminology.
For 1 ă p ă 8, we define 9 L p as the space of all elements in S 1 {P 8 such that in every equivalence class there is a representative that belongs to L p , that is,
.
(3)
Clearly, if rus P 9 L p , the representative of rus in L p is unique. We observe that, since S 8 is dense in L p for all p P r1,`8q, see Lemma 1.6 below, we have that 9 ∆ s{2 u P 9 L p , p P p1, 8q, if (and only if) the mapping S 8 Q ψ Þ Ñ xu, 9 ∆ s{2 ψy is bounded in the L p 1 -norm. In fact, in this case, there exists a unique g P L p such that xu, 9 ∆ s{2 ψy " xg, ψy for all ψ P S 8 and we set 9 ∆ s{2 u " rgs .
Next, notice that by definition 9 ∆ s{2 P " 0 for any polynomial P . The homogeneous Sobolev spaces 9
L p s are defined as follows.
Definition 1.5. Let s ą 0 and let 1 ă p ă 8. Then, the homogeneous Sobolev space 9 L p s is defined as 9 L p s " rf s P S 1 {P 8 : 9 ∆ s{2 f P 9 L p ( ,
Notice that, because of (3), equation (4) defines a norm on 9 L p s . Thus, the homogeneous Sobolev space 9 L p s is a space of equivalent classes in S 1 {P 8 .
1.2. Fractional powers of ∆ and the homogeneous Sobolev spaces 9 W s,p . We now describe more in details the other definition of the homogeneous Sobolev spaces. As me mentioned, the operator ∆ is densely defined, self-adjoint and positive on L 2 pR d q, and following Komatsu [Kom66] it is possible to define the fractional powers ∆ α{2 for all α P C, with Re α ą 0. Here we restrict our attention to the case α " s ą 0. For ϕ P S, by the spectral theorem we have that
We now have a simple lemma to describe the basic properties of the action of ∆ s{2 on S.
Lemma 1.6. Let s ą 0 and p P p1, 8q. The following properties hold:
Proof. (i) is well-known and also easy to prove directly. For (ii), for ϕ P S, write ∆ s{2 ϕ " ∆ s{2 pI∆ q´M pI`δq M ϕ. If M ą s it is easy to check that ∆ s{2 pI`∆q´M is a Fourier multiplier satisfying Mihlin-Hörmander condition (see [Gra14a, Theorem 5.2.7]), hence bounded on L p , p P p1, 8q.
Since pI`δq M ϕ P L p for all p's, (ii) follows. In order to prove (iii), we only need to observe that if ϕ P S and pI`∆q M ϕ " 0, then p ϕ is a distribution supported at the origin, hence ϕ " 0.
Then, we have the following definition.
Definition 1.7. For 1 ă p ă 8 and s ą 0 we define 9 W s,p , also called the homogeneous Sobolev space as the closure of S with respect to the norm }∆ s{2 ϕ} L p . More precisely, given the equivalent relation on the space of L p -Cauchy sequences of Schwartz functions, tϕ n u " tψ n u if ∆ s{2 pϕ n´ψn q Ñ 0 as n Ñ`8, and rtϕ n us denote the equivalent classes, then
If t∆ s{2 ϕ n u is a Cauchy sequences in L p , and we denote by f its limit, we set
We remark that it is equivalent to define 9 W s,p as the closure of the C 8 functions with compact support, space that we denote by C 8 c , with respect to the same norm }∆ s{2 ϕ} L p . Thus, we have described two different notions of the fractional Laplacian, 9 ∆ s{2 and ∆ s{2 , that in particular are defined and taking values on completely different spaces. Both these notions can be considered as "classical". Moreover, we have described two different scales 9 L p s and 9 W s,p of homogeneous Sobolev spaces, for s ą 0 and p P p1, 8q.
The main goals of this note are two. The first one is to describe the spaces 9 W s,p explicitly and obtain a realization of them as space of functions (see below). The second one is to show how the homogeneous Sobolev spaces 9 W s,p and 9 L p s are related to each other, providing in fact an explicit one-to-one and onto correspondence between them.
Finally, observe that, if ϕ P S, then 9 ∆ s{2 ϕ " r∆ s{2 ϕs 8 .
1.3. The realization spaces E s,p . Following G. Bourdaud [Bou88] , if k P N and 9 X is a given subspace of S 1 {P k , we call realization of 9 X a subspace E of S 1 such that there exists a surjective linear map R : 9 X Ñ E such that " Rrus ‰ " rus for every rus P 9 X. If 9 X is a Banach space, we also require R to be an isometry, that is, }Rrus} E " }rus} 9 X . Thus, a realization of 9 L p s is a space E of tempered distributions such that for each f P E, the equivalent class modulo polynomials rf s of f is in 9 L p s and conversely, for each rf s P 9 L p s there exists a uniquef P rf s such thatf P E. Moreover, we require such correspondence to be an isometry. Our first main result is that the spaces E s,p defined below are a realization of 9 W s,p , for p P p1,`8q, s ą 0. The spaces are also a realization of the spaces 9 L p s , as was indicated already in [Bou88] , and here we give a proof of this latter fact. As a consequence, we obtain a precise correspondence between the spaces 9 W s,p and 9 L p s . In order to describe the realization spaces E s,p we need to recall the definition of BMO and of the homogeneous Lipschitz spaces 9 Λ s , for s ą 0. We begin with the latter one. For s ą 0 we write tsu to denote its integer part.
For a non-negative integer m, we denote by C m the space of continuously differentiable functions of order m.
We recall the following well-known facts, see [Gra14b, 6.3.1].
Proposition 1.9. (i) For k " 2, 3, . . . we have the explicit expression
then f is a polynomial of degree at most k´1, and conversely, D k h f pxq " 0 for all polynomials of of degree ď k´1.
Definition 1.10. Let γ ą 0. We define the homogeneous Lipschitz space 9 Λ γ as
) .
We remark that, for all γ ą 0, if rf s tγu P 9 Λ γ , then f is a function of moderate growth, so that 9 Λ γ Ď S 1 {P tγu . Moreover, f is in C tγu . For these and other properties of Lipschitz spaces, see e.g. [Kra83, Tri10, Gra14b] .
Next, we introduce the Sobolev-BMO spaces.
Definition 1.11. The space BMO is the space of locally integrable functions, modulo constants such that
where B r pxq " B r denotes the ball centered at x of radius r ą 0, |B r | its measure, and f Br the average of f over B r pxq.
For k " 1, 2, . . . , we define the Sobolev-BMO space as
Remark 1.13. We observe that the definition is well-given since if tϕ n u, tψ n u Ď S, are two sequences such that ϕ n , ψ n Ñ f in S 1 and t∆ s{2 ϕ n u, t∆ s{2 ψ n u are both Cauchy in L p , then for every η P S 8 , x∆ s{2 ϕ n´∆ s{2 ψ n , ηy " xϕ n´ψn , ∆ s{2 ηy Ñ 0 as n Ñ 8. Since S 8 is dense in L p , t∆ s{2 ϕ n u, t∆ s{2 ψ n u have the same L p -limit.
We now are ready to define the spaces E s,p that we will show to be the realization spaces for 9 W s,p . For a sufficiently smooth function f , we denote by P f ;m;x 0 the Taylor polynomial of f of degree m P N 0 at x 0 P R d .
Definition 1.14. For s ą 0 and p P p1,`8q, we define the spaces E s,p as follows.
(i) Let 0 ă s ă d p , and let p˚P p1, 8q given by 1 p˚" 1 p´s d . Then, we define
(ii) Let s ą d{p, s´d{p R N and let m " ts´d{pu. Then, we define
(iii) Let s´d{p P N and set m " ts´d{pu. Let B be a fixed ball in R d . Then, if m " 0,
1.4. Littlewood-Paley decomposition. In order to state our second main result we need the Littlewood-Paley decomposition of 9 L p s , for whose details see e.g. to [Gra14b, 6.2.2]. Let η P C 8 c pR d q such that supp η Ď tξ : 1{2 ď |ξ| ď 2u, identically 1 on the annulus tξ : 1 ď |ξ| ď 3{2u and such that ÿ jPZ ηp2´jξq " 1 , ξ P R d zt0u .
For j P Z we set η j " ηp2´j¨q and for f P S 1 we define 2
We observe that, due to the support conditions of the η j 's, for all j, k P Z we have that
Then, M j f " 0 for any f P P 8 , therefore the operators M j are well-defined on S 1 {P 8 and taking values in S 1 , as it is immediate to check. Thus, for simplicity of notation, we write M j u instead of M j rus 8 , and observe that rus 8 " ÿ jPZ rM j us 8 ,
where the convergence is in S 1 {P 8 . Then, we have the following characterization of the spaces 9 L p s , 9 BMO :" BMO {P 8 , and 9 Λ γ , respectively. For 1 ă p ă 8 and s ą 0, rf s 8 P 9
L p s , if and only if`ř jPZ`2 js |M j f |˘2˘1 {2 P L p and 
For γ ą 0, we have that rf s tγu P S 1 {P tγu , we have rf s tγu P 9 Λ γ if and only if sup jPZ 2 jγ }M j f } 8 ằ 8 and we have sup
see e.g. [Gra14b, Theorem 6.3.6.] 1.5. Statement of the main results. Our first result describes explicitly the elements of 9 W s,p , s ą 0, p P p1, 8q.
Theorem 1. Let s ą 0, 1 ă p ă 8, and let t∆ s{2 ϕ n u be a Cauchy sequence in L p , with ϕ n P S. Then, the following properties hold.
(i) If 0 ă s ă d{p, then there exists a unique g P L p˚s uch that ϕ n Ñ g in L p˚a s n Ñ`8, where 1 p˚" 1 p´s d . (ii) If s´d{p " m P N 0 , then there exists a unique g P S m pBMOq such that rϕ n s m Ñ rgs m in S m pBMOq as n Ñ`8.
(iii) If s ą d{p and s´d{p R N, then there exists a unique g P 9 Λ s´d{p such that rϕ n s m Ñ rgs m in 9 Λ s´d{p as n Ñ`8, where m " ts´d{pu.
In particular, 9 W s,p is a space of functions if s ă d{p, while 9 W s,p Ď S 1 {P m , where m " ts´d{pu, if s ě d{p.
Theorem 2. For s ą 0 and p P p1, 8q, the spaces E s,p are realization spaces of 9 W s,p . More precisely, the space 9 W s,p can be identified with a subspace of S 1 {P m , where m " ts´d{pu, and for each rus m P 9 W s,p there exists a unique f P rus m X E s,p and such that }∆ s{2 f } L p " }rus m } 9 W s,p . Recall that, given B " Bpx 0 , rq a ball in R d , and an locally integrable function f , we denote by f B the average of f over B.
Theorem 3. Let s ą 0, 1 ă p ă 8. Then the following properties hold.
(i) If 0 ă s ă d{p, given rus 8 P 9 L p s there exists a unique f P rus 8 and such that f P E s,p , and it is given by
where the convergence is in L p˚. (ii) If s´d{p " m P N 0 , let B " Bpx 0 , rq be any fixed ball in R d . Then, if m " 0, given rus 8 P 9 L p s consider f P rus 8 given by
where the first series converges uniformly on compact subsets of R d , while the second one in the BMO-norm. Then, f P BMO with f B " 0, hence f P E s,p .
If s´d{p " m P N, m ě 1, given rus 8 P 9 L p s , let
where the both series converge uniformly on compact subsets of R d , together with all derivatives up to order m´1. Then, f P E s,p , in particular, f P S m pBMOq, P f ;m´1;0 " 0, and pB α f q B " 0 for |α| " m. (iii) If s ą d{p and s´d{p R N, set m " ts´d{pu. Then given rus 8 P 9 L p s there exists a unique f P rus 8 such that f P E s,p , and it is given by
where the convergence is uniformly on compact sets in R d , together with all the derivatives up to order m, and in the 9 Λ s´d{p -norm.
Finally, we provide the explicit isometric correspondence between the two homogeneous Sobolev spaces 9 W s,p and 9 L p s .
Theorem 4. Let s ą 0, 1 ă p ă 8 and let m " ts´d{pu. Then, given any rus 8 P 9 L p s there exists a unique f P rus 8 such that f P E s,p , so that f P 9 W s,p , or rf s m P 9 W s,p , resp., if 0 ă s ă d{p or s ě d{p, resp., with equality of norms.
Conversely, given f P 9 W s,p if 0 ă s ă d{p, or rf s m P 9 W s,p , if s ě d{p, resp., let f be its image in the realization space E s,p , then rf s 8 P 9
L p s , with equality of norms.
Preliminary facts
2.1. The fractional integral operator I s . For 0 ă s ă d, we consider the Riesz potential I s defined for ϕ P S as
where ω s,d " Γ`pd´sq{2˘{2 s π s{2 Γps{2q. Observe that for s P p0, dq, |ξ|´s is locally integrable, so that if ϕ P S, |ξ|´s p ϕ P L 1 and I s is well-defined. For p P p0, 8q we denote by H p pR d q, or simply by H p , the classical Hardy space on R d . Having fixed Φ P S with ş Φ " 1, then
where
We recall that the definition of H p is independent of the choice of Φ and that, when p P p1, 8q, H p coincides with L p , with equivalence of norms. We also recall that S 8 is dense in H p for all p P p0, 8q, see [Ste93, Ch.II,5.2]. For these and other properties of the Hardy spaces see e.g. [Ste93] or [Gra14b] .
For the operator I s the following regularity result holds, see [Ste93] , [Gra14b] , [Kra82] and in particular [Ada75] for (ii). We also recall that the Riesz transforms are the operators R j , j " 1, . . . , d, initially defined on Schwartz functions
and that they satisfy the relation ř d j"1 R 2 j " I. Moreover, the R j are bounded R j : H p Ñ H p for all p P p0, 8q, and j " 1, . . . , d.
Proofs of the main results
Our first task is to describe explicitly the elements of 9 W s,p , that is, the limits of L p -Cauchy sequences of the form t∆ s{2 ϕ n u, with ϕ n P S. We are going to use this simple lemma, of which we include the proof for sake of completeness.
Lemma 3.1. Let 1 ă p ă 8, d{p ă ν ă 1`d{p. Given a P R d zt0u, let and let g a pxq " |a´x| ν´d´| x| ν´d . Then, g a P L p 1 and }g a } L p 1 À |a| ν´d{p .
Proof. We first observe that g a P L p 1 loc if and only if ν ą d{p, and then that }g a } L p 1 " C|a| ν´d{p , where
where S denotes the unit sphere in R d , dσ the induced surface measure, and a 1 " a{|a|. Thus, since by rotation invariance, C is independent of a 1 , we only need to show that C is finite if and only if 0 ă ν ă 1`d{p. Notice that F prq is finite when ν ą d{p, so we only need to check the integrability of r d´1 r pd´νqp 1 F prq as r Ñ 0`, 8. As r Ñ 0`, F prq " Op1q and Proof of Thm. 1. For 0 ă s ă d, it is immediate to check that for ϕ P S we have that I s ∆ s{2 ϕ " ϕ. Therefore, by Prop. 2.1 (i) we have
Then, let tϕ n u Ď S be such that t∆ s{2 ϕ n u is a Cauchy sequence in L p . By the above estimate (15) it follows that }ϕ m´ϕn } L p˚À }∆ s{2 ϕ m´∆ s{2 ϕ n } L p , so that there exists f P L p˚s uch that ϕ n Ñ f in L p˚a s n Ñ`8. By Remark 1.13, this implies that ∆ s{2 ϕ n Ñ ∆ s{2 f in L p . Moreover,
This proves (i). In order to prove case (ii) with 0 ă s ă d{p, , let tϕ n u Ď S be such that t∆ s{2 ϕ n u is a Cauchy sequence in L p . Since 0 ă s " d{p ă d, again we have that I s ∆ s{2 ϕ n " ϕ n . By Prop. 2.1 (ii) it follows that }ϕ m´ϕn } BMO À }∆ s{2 ϕ m´∆ s{2 ϕ n } L p .
Hence, there exists a unique g P BMO such that ϕ n Ñ g in BMO, and it is such that ∆ s{2 g P L p . For, given any ψ P S 8 we have ∆ s{2 ψ P S 8 Ď H 1 so that xg, ∆ s{2 ψy " lim nÑ`8 xϕ n , ∆ s{2 ψy " lim nÑ`8 x∆ s{2 ϕ n , ψy " xG, ψy ,
where G is the L p -limit of t∆ s{2 ϕ n u. This shows that the mapping ψ Ñ xg, ∆ s{2 ψy is bounded in the L p 1 -norm on a dense subset, and therefore ∆ s{2 g defines an element of L p , that is G.
Let now s´d{p " m P N and let tϕ n u Ď S be such that t∆ s{2 ϕ n u is a Cauchy sequence in L p . Using the identity
which is valid for all ϕ P S, and the boundedness of the Riesz transforms, we see that t∆ ps´1q{2 B j ϕ n u is a Cauchy sequence in L p , for j " 1, . . . , d. If s´d{p " 1, we apply the previous argument to each of the sequences t∆ ps´1q{2 B j ϕ n u, j " 1, . . . , d. If s´d{p " 2, the argument is analogous but simpler, given the identity ∆ s{2 " ∆ ps´2q{2 ∆, and in the general case we argue inductively. We obtain that, for all multiindices α, with |α| " m, there exists g α P BMO such that B α x ϕ n Ñ g α in BMO and ∆ ps´mq{2 g α P L p . Using the fact that in S 1
β`e ℓ , where |α| " |β| ", e j , e ℓ are the standard basis vectors, j, ℓ P t1, . . . , du, and induction again, it is easy to see that there exists g P S m pBMOq such that B α g " g α , for |α| " m. This implies that ϕ n Ñ g in S m pBMOq, hence in particular in S 1 {P m . Let ψ P S 8 , so that we have ∆ s{2 ψ P S 8 Ď H 1 , so that
Hence, the mapping η Ñ xg, ∆ s{2 ηy is bounded in the L p 1 -norm on S 8 , that is, ∆ s{2 g defines an element of L p . This proves (ii).
Let now s ą d{p and s´d{p R N. We assume first that d{p ă s ă 1`d{p. For ϕ P S and x ‰ y we write ϕpxq´ϕpyq " ż e ixξ´eiyξ |ξ| s`∆ s{2 ϕqppξq dξ " ż Hpx, y, tq∆ s{2 ϕptq dt ,
where Hpx, y, tq " F´1´e ixp¨q´eiyp¨q |¨| s¯p tq " γ s,d`| t´x| s´d´| t´y| s´d˘.
By Lemma 3.1 it follows that Hpx, y,¨q P L p 1 and that }Hpx, y,¨q} L p 1 À |x´y| s´d{p .
Therefore, }ϕ} 9 Λ s´d{p À }∆ s{2 ϕ} L p . Hence, given t∆ s{2 ϕ n u is a Cauchy sequence in L p , there exists a unique g P 9 Λ s´d{p such that ϕ n Ñ g, as n Ñ`8. We argue as before, using the fact that the dual space of H q is 9 Λ dp1{q´1q when 0 ă q ă 1, see e.g. [GCRdF85, Ch. III]. Let q be given by 1{q " 1´1{p`s{d, so that 0 ă q ă 1. Then 9 Λ s´d{p " pH˚, and given any ψ P S 8 we have ∆ s{2 ψ P S 8 Ď H q , so that xg, ∆ s{2 ψy " lim nÑ`8 xϕ n , ∆ s{2 ψy " lim nÑ`8 x∆ s{2 ϕ n , ψy " xG, ψy ,
where G is the L p -limit of t∆ s{2 ϕ n u. This shows that the mapping ψ Ñ xg, ∆ s{2 ψy is bounded in the L p 1 -norm on a dense subset, and therefore ∆ s{2 g defines an element of L p , that is G. We conclude that ∆ s{2 g P L p as well. Finally, if s´d{p R N and s´d{p ą 1, let m " ts´d{pu, and |α| " m. Since,
Using the first part we can find g α P 9 Λ s´m´d{p such that B α ϕ n Ñ g α in 9 Λ s´m´d{p , for all α with |α| " m. Hence, arguing as in (ii), there exists a unique g P 9 Λ s´d{p such that B α g " g α for |α| " m. Hence, ϕ n Ñ g in S 1 {P m , since B α ϕ n Ñ B α g in 9 Λ s´m´d{p for |α| " m, ϕ n Ñ g in 9 Λ s´d{p . Finally, by (19) it is now clear that ∆ s{2 g P L p , and (iii) follows as well.
We state the characterization of 9 W s,p , that also provides the precise embedding result. It may be considered folklore by some, but to the best of our knowledge, there exists no explicit statement in the literature. From this, the proof of Thm. 2 is then obvious. We also have the following characterization. We point out that if m is a negative integer, P m " H and S 1 {P m is S 1 itself, as well as S m " S. (ii) the sequence t∆ s{2 ϕ n u is a Cauchy sequence in L p ( .
Proof.
We have shown that any element of 9 W s,p is an element of S 1 {P m satisfying the conditions piq and piiq above. Conversely, let rf s m P S 1 {P m satisfy the conditions piq and piiq. We need to show that for any f P rf s m , ∆ s{2 f is a well-defined element of L p -in fact the L p -limit of the sequence t∆ s{2 ϕ n u.
Let g " lim nÑ`8 ∆ s{2 ϕ n and fix ψ P S 8 . Then ∆ s{2 ψ P S 8 Ď S m and we have xg, ψy " lim Therefore, we may set ∆ s{2 rf s m " g P L p .
Hence, the series on the right hand side of (13) converges also in 9 Λ s´d{p and uniquely determines f . Then, the conclusion follows modulo the claim.
The following estimate holds true for f P 9 Λ γ , γ not an integer, see [Kra83, Cor. 3.4 ],ˇf
where we set ∇ m f "`B α f˘| α|"m . Since s´m ą d{p, by Sobolev's embedding theorem, Cor. 3.2 (iii), if |x| ď r we have
This shows that the series converges uniformly on compact sets. The same argument now easily applies to series of partial derivatives up to order m, since
Therefore, Φ n Ñ f , which is an element of rus 8 , and this proves (iii).
In order to prove (ii), let s´d{p " m " 0, and consider the two series on the right hand side of (11), that is, ř jď0`M j u´M j p0q˘, and ř jě1 M j u. We begin with the latter one. We observe that ř jě1 M j u converges to an element of 9 BMO :" BMO {P 8 , say to f`P , for some P P P 8 . However, its Fourier transform has support in t|ξ| ě 1u, hence it must be P " 0, so that ř jě1 M j u " f 1 is a locally integrable function.
Next we show that the former series converge uniformly on compact subsets to a function f 0 . For |x| ď r we have |M j upxq´M j up0q| À r sup |x|ďr |M j ∇upxq| À 2 jp1`d{pq }M j u} L p Since j ď 0, the conclusion follows. Now set f " f 0`f1´p f 0`f1 q B , and the case m " 0 is proved.
Let now s´d{p " m ě 1 and consider the series on the right hand side of (12). For |x| ď r, arguing as before we have |M j upxq´P M j u;m;0 pxq| À r sup |x|ďr |M j ∇ m`1 upxq| À 2 jpm`1`d{pq }M j u} L p
{p À 2 jpm`1q }rus 8 } 9 L p s . Thus, the series converges uniformly on compact subsets. Clearly, the same argument applies to all derivatives B α x with |α| ď m. Then, the function f 0 P C m . On the other hand, the series ř jě1 M j u is such that, for |α| ď m´1, recalling that j ě 1,
Thus, also the series ř jě1 M j u converges uniformly on compact subsets, together with its partial derivatives B α , with |α| ď m´1. Finally, if |α| " m we have It is now easy to see that f P E s,p .
The proof of Theorem 4 is now obvious, and we are done.
Final remarks, and comparison with the work of Bourdaud
In [Bou88] Bourdaud proved a version of Thm. 3, and our work is inspired by his. The descriptions of the realization spaces are similar, but not identical. In particular we explicitly refer to the BMO space. Moreover, Bourdaud is mainly focused on the techniques of the Besov spaces, and the proof in the case of Sobolev spaces are different, and typically more involved.
We mention that we have restrict ourselves to the case p P p1, 8q. The case of the Hardy spaces, that is, p P p0, 1s is also of great interest and we believe it is worth further investigation.
Finally, it would also be very interesting to study analogous properties for the homogeneous versions of Sobolev and Besov spaces in the sub-Riemannian setting, see the recent papers [PV18, BPTV19, BPV19a, BPV19b].
